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Abstract: Lasers are ubiquitous for information storage,
processing, communications, sensing, biological research
and medical applications. To decrease their energy and
materials usage, a key quest is to miniaturise lasers down
to nanocavities. Obtaining the smallest mode volumes
demands plasmonic nanocavities, but for these, gain comes
from only a single or few emitters. Until now, lasing in such
devices was unobtainable due to low gain and high cavity
losses. Here, we demonstrate a form of ‘few emitter lasing’
in a plasmonic nanocavity approaching the single-molecule
emitter regime. The few-emitter lasing transition signifi-
cantly broadens, and depends on the number of molecules
and their individual locations. We show this non-standard
few-emitter lasing can be understood by developing a the-
oretical approach extending previous weak-coupling the-
ories. Our work paves the way for developing nanolaser
applications as well as fundamental studies at the limit of
few emitters.
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Lasing occurs when stimulated emission into a cavity mode
exceeds loss, leading to amplification. Typically, this causes
a sharp change of slope in the emission versus input power.
Such a sharp transition is analogous to a thermodynamic
phase transition in systems in thermal equilibrium [1]. As
with such equilibrium phase transitions, a sharp transi-
tion only occurs in a thermodynamic limit; away from this
limit, the transition is replaced by a smooth crossover. For
equilibrium phase transitions, the parameter controlling
this is the system size. For a standard lasing transition,
with many emitters, there is still a ‘system-size’ param-
eter f (discussed further below), which determines how
sharp the transition is [2]. However, further questions arise
when one considers systems with few emitters, small cavi-
ties and stronger light—matter coupling. Such questions are
particularly important for nanocavities, which confine light
within sub-wavelength volumes [3], such as metasurfaces
or plasmonic nanocavities that exploit collective electron
oscillations in metallic nanostructures to achieve extreme
confinement (V < 100 nm?®) [4], [5]. These enable coupling
single emitters to light [6]-[8]. Lasing in such plasmonic
nanocavities presents new opportunities for miniaturisa-
tion and integration but also raises new questions about the
nature and conditions required for such ‘few-emitter lasing’
in a regime, which combines a small number of strongly
coupled emitters with lower quality resonators, Q ~ 10.
Our aim here is to understand this regime.

In general, the sharpness of the lasing transition
reflects how lasing enhances the conversion efficiency of
input power into output light. Above threshold, the effi-
ciency is high, as stimulated emission directs almost all
radiation into the cavity mode. A sharp transition requires
low efficiency below threshold. This is captured by the
parameter f, the ratio of input-output slopes below and
above threshold. Small f indicates a sharp transition. When
the light-matter coupling g is weak, f = g2/(g*+T'\I';),
where I'; is the total emitter linewidth, and I'; the decay
rate into non-cavity modes [2]. When below threshold, f is
equal to the fraction of incoherent emission into the cavity.
For a standard laser (with weak light-matter coupling), the
value of § fully determines the shape of the input-output
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curve. It is notable that § does not depend on the number of
emitters, whereas the parameter determining the sharpness
of thermodynamic phase transitions is typically the system
size. As such, even for a large number of emitters, the lasing
transition can still become a crossover if g is large. As we
discuss below, allowing for strong light—matter coupling
changes this behaviour considerably.

Some extreme limits of lasing have previously been
explored. The single-emitter limit [9] has been studied with
atoms [10], superconducting circuits [11], and quantum dots
[6], [12]. In this limit, the transition broadens as f neces-
sarily becomes large. This is because lasing with N emitters
requires NC > 1, where the cooperativity C = 4g2/(xT';)
depends also on the cavity loss rate k. When N = 1, one
needs C > 1, and so a sharp lasing threshold (f < 1) is
only possible if x < I'}, which is not typically the case.

In this paper, we explore few-emitter lasing of organic
molecules coupled to a plasmonic nanocavity. Despite low
Q, emitters coupled to plasmonic modes can achieve las-
ing [13]. However, the smallest lasers must lase with only
a few emitters, a goal so far thwarted, but attainable
by using ultrasmall volume plasmonic nanocavities. These
can be realised using bottom-up self-assembly, which we
achieve via the nanoparticle-on-mirror (NPoM) geometry
(Figure 1a) of a Au nanoparticle on a thin dielectric spacer
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Figure 1: Plasmonic nanocavity with emitters. (a) Nanoparticle-on-mirror
(NPoM) cavity formed by Au nanoparticle trapping few emitters in 0.9 nm
gap above Au film. (b) Nanogap region with N emitters of dephasing I',
excited by pump strength I';, emitting into cavity with loss rate k.

(c) Re-entrant lasing threshold, shown as colourmap of photon number
(yellow = high, purple = low) versus normalised coupling and pump
strength, usingx = 0.1, N = 10and I, = 10I",. Dashed white line
shows threshold defined by Eq. (3). (d) Cross sections, as indicated by
horizontal dashed lines in (c). At large coupling, the traditional
input-output curve is seen (red line), while at smaller coupling, lasing is
suppressed at higher pump power (blue line).
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above a Au film [5]. We trap light inside 1 nm-high ~ 20 nm-
wide gaps, which enhance incident optical fields by >250
while retaining ~50 % radiative efficiency. Enhancing both
the pumping and the light-matter coupling now enables
a form of few-emitter lasing, which we characterise in the
following. To understand and describe such experiments,
a comparison to theory is key. This is because, as noted
above, such few-emitter lasing systems differ from standard
textbook lasers. We, therefore, extend previous theoretical
treatments [2] to consider the combination of stronger cou-
pling, few emitters, bad cavities, pumping-induced noise,
and disorder.

We model the light-matter interaction in this NPoM
nanocavity using a standard master equation describing
many two-level molecules coupled to light with strength g;.
The molecules undergo incoherent pumping, loss, and pure
dephasing at rates FT, r 1» I', (see Methods, Figure 1b). We
then make a second-order cumulant expansion [14], giving
coupled equations for photon number n, molecule—photon
coherence, inter-molecular coherence and molecular inver-
sion. This approach is ideal for understanding how system
size N controls the sharpness of the transition, since it cap-
tures finite size effects treating N as a parameter. It also
includes the effects of spontaneous emission and recovers
the semiclassical theory of lasing [2], [15] in appropriate
limits. In contrast to weakly coupled models of incoherent
emission and absorption [2], our approach captures the
back-action of the coherent light on the dynamics of the
emitters.

Considering first the homogeneous case where g; = g,
we solve for steady-state n with constant pump I'; giving

2
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with n, defined in the Methods, and
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where the total linewidthisI'y = 'y + I'} + 4I°,. While
homogeneous g; = g gives a simple result here, as dis-
cussed below, the real experiment is inevitably affected
by disorder. We show the effects of this in the discussion
below, and the Supplementary Information (SI) extensively
discusses the theoretical model with disorder.

While Eq. (1) appears identical to that found in [2], a
subtle and crucial difference exists: the terms I', and f
both implicitly depend on I';, because the cooperativity
C depends on I';. This I', dependence can often be ignored,
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when I'; ~ 4I',. However, in the regime where the collec-
tive cooperativity is low (as here), it is important to keep
this dependence. Physically, strong pumping introduces
phase noise, which ultimately kills lasing by suppressing
the cooperativity. For typical lasers, this effect only occurs
at very high powers; however, for plasmonic nanocavities
with high losses, a switch-on and switch-off transition are
seen, and these can merge where NC ~ 1 [16]. This is seen
in Figure 1(c and d), which show how the photon num-
ber depends on the normalised pump power and coupling
strength.

A second crucial difference from [2] is the form of f in
Eq. (2). In particular, this now depends on N, with § ~ 1/N
at large N. This encodes the anticipated effect that larger
systems show smaller finite-size effects.

Experimentally, here NPoMs with ~0.9 nm gap are
defined by a monolayer of cucurbit[7]uril molecules that
can each encapsulate a single molecule of methylene blue
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[7] (for sample preparation see Methods). We vary the aver-
age number of emitters N in the nanocavity by changing
the ratio of emitting methylene blue to non-emitting cucur-
bit[7]uril molecules. Because the location of the emitting
molecules is different in each NPoM, their overlap with
the nanocavity mode and hence coupling g; varies. This
disorder in couplings means that the behaviour in each
realisation will differ. We, therefore, show results from an
ensemble of many measurements with the same average
number of emitters. Using NPoM nanoparticle diameters of
60 nm tunes the dominant NPoM cavity mode to the gain
peak (Figure 2a), optimising the interaction of the emitted
light with the nanocavity.

To create enough gain, ultrafast pulses (100 fs, 640 nm)
are used to irradiate individual NPoM cavities whose
emission is recorded by a low-noise spectrometer (for
experimental setup see Methods). At an average power of
P,, = 4 uW (power density = 3.2 kW cm~2), the emission
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Figure 2: Emission dependence on excitation power and number of emitters. (a) Absorption (green) and emission (orange) spectra of methylene blue
in solution, and typical NPoM darkfield scattering spectrum (grey). (b) Dashed lines: example emission spectra for different expected number of
emitters A in NPoM. Solid curves are averaged over > 50 NPoMs. (c) Spectral integrated intensity versus N (blue circles) and linear fit (solid curve).
Error bar is the standard error. (d-g) Spectral integrated intensity versus power density for different N, colours correspond to different NPoMs.
Dashed coloured lines are theoretical fits (see Methods) and the dashed grey lines are guide-to-the eye linear trends, which clearly deviate from

the N > 2 data. (h) Extracted slope ratio B versus N with predicted theoretical trend (solid curve), bars give range. (i and j) Theoretical input-output
curves, and extracted distribution of f, showing effect of disorder in couplings g;. Black line shows the homogeneous limit, g; = g = 1.5I'; for

N = 10 emitters, withI", = I'},x = 1.74I",. The red and pink curves (and corresponding distributions of f) arise by sampling g; from a Gaussian
distribution with root mean square g = 1.5I'; and standard deviation g/3, (g) respectively. The thick black line corresponds to the homogeneous

case, where no disorder is present.
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spectra for different numbers of molecules is similar and the
total integrated intensity varies linearly with N (Figure 2b
and c).

Power-dependent measurements on multiple NPoM
constructs are performed with different N (Figure 2d—g).
For NPoM cavities with lower N, smooth transitions in the
total emitted intensity are seen, becoming systematically
sharper for higher N. In particular for N ~ 2, no observable
transition is seen and the total emission is linear before
saturating at the highest powers. This is consistent with
thresholdless few-emitter lasing, approaching the single-
emitter regime. For NPoMs with large N, well-pronounced
thresholds are seen with super-linear emission, which then
saturate to linear scaling as in conventional lasers. We con-
vert the emitted power in count/s to W and find that the
NPoM laser emits order-of-magnitude pW average powers,
after accounting for the optical losses in the beam path. We
fit Eq. (1) to the experimental data (for fitting procedure see
Methods); our theory matches well across most of the range
of N, indicating few-emitter lasing occurs in plasmonic
nanocavities. Furthermore, the extracted f-factor varies
inversely with N (Figure 2h), as expected from our theoret-
ical model (Eq. (2)). For N = 25, experiments deviate from
the theoretical curves at large powers. This could result
from intermolecular quenching, where two excitations in
close proximity can lead to enhanced loss. Such a process
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is expected to become stronger when emitters are closer,
as occurs for larger N. See Supplementary Information for
further discussion.

The analytic form of Eq. (1) ignores the effects of
random placement of molecules, which gives variable
light—-matter coupling. This variation becomes important
when the number of molecules is small, as it leads to sig-
nificant variation between different NPoMs with the same
number of molecules. With random positions, one finds that
the shape of the input—output curve (and thus the parame-
ter ) depends on the distribution of couplings, as shown in
Figure 2(i and j).

Because the threshold is less defined at small N, it
becomes important to find further experimental evidence
for few-emitter lasing. To this end, we examine the spectral
evolution and coherence across the transition. As the aver-
age power P, increases from 4 pW to 250 pW (Figure 3a),
the emission (which is 10 nm red-shifted from the solution
PL due to the cavity environment) significantly broadens,
with increasing weight at shorter (bluer) wavelengths. This
behaviour appears consistently in most NPoMs at all N, with
emission even extending to the blue side of the pump laser
wavelength (see SI). Such blue-shifted emission indicates
emission occurring from vibrationally excited states. This
is in contrast to Kasha’s rule [18], which states emission
occurs from the vibrational ground state. There are several
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Figure 3: Emission spectra and coherence of nanolaser. (a) Emission spectra for increasing excitation powers P, with dark-field (DF) and solution PL.

(b) Schematic of Michelson interferometer to measure spectral coherence.

Emission from NPoM is split in two by 50:50 beamsplitter (BS), reflected

from mirrors (M1, M2) with delay in one arm and recombined, filtered (F) and sent to spectrometer (SP). (c) Spectral fringes with average powers below
(upper panel) and above (lower panel) few-emitter lasing threshold (Py,). (d) Visibility versus wavelength at different delays 7. (e) Far-field Fourier

space images of emission below and above threshold, divided into annular ring and centre. The integrated intensities in these regions, I ;

and [,

ring centre

allow us to define an intensity ratio r = I, /Icene POth below threshold (r,) and above threshold (r,). Numerical aperture 0.9 limits collection angle
<64°. (f) NPoM radiative modes S, and S;, that emit at high and low angles, respectively, based on analysis in Ref [17]. (g) Histogram of relative
intensities in the high-angle ring r, /r,, with a logarithmic scale on the horizontal axis.
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reasons this rule might break down at increasing pump
power. One possible cause would be an increased emission
rate. Both Purcell enhancement and stimulated emission
(the latter of which increases with pumping) speed up the
emission. If emission becomes faster than the vibrational
lifetime (~1 ps) [8], molecules do not relax before emission,
allowing direct emission from higher vibronic states as pre-
viously proposed for strongly coupled systems [19]. Another
explanation is heating of the molecules, e.g. by the creation
of hot electrons at high pump intensities. Since (as discussed
in the Supplementary Information) emission can be seen
at energies higher than the excitation wavelength, lack of
relaxation cannot be the full explanation; some amount of
heating, which can cause emission at such higher energies,
at high powers seems also likely.

Regarding the lack of linewidth narrowing seen in the
emission (which is expected for regular lasing), this can be
explained by the still small number of photons in the system.
Theoretical calculations of few-emitter lasing in our model
system show the same lack of narrowing, as discussed in the
Supplementary Information (SI Section E).

To track the coherence of the observed emission, we ex-
plore spectral interference using a Michelson interfero-
meter (Figure 3b). The delay time 7 between the two arms
of the interferometer is greater than the temporal cohere-
nce time (r > v, ~ /'y ~ 13fs). Spectral fringes
are observed both below and above threshold (Figure 3)
with a wavelength period inversely proportional to
7 (spectral period 7 nm for = = 100 fs in Figure 3c). The ext-
racted visibility from the spectral envelope of the fringes
decreases with wavelength below P, to 0.1at 800 nm
(shown for two different time delays = = {33,100} fs, in
Figure 3d). By contrast, above threshold the visibility increa-
ses to 0.8, becoming constant over the entire spectrum.

As discussed in Ref. [20], by combining spectral filter-
ing with coherence measurements, we show in Figure 3c
and d how the spatial coherence of the light changes
through the threshold. To better understand this increas-
ing visibility, the far-field emission is measured in Fourier
space (for optical setup see Methods). The dominant bright
plasmonic mode S;, emits at high angles both below and
above threshold (seen as purple-coloured ring in Figure 3e),
around 40-50° (Figure 3f). Additional weaker emission at
low angles — arising from the S;; mode [17], [21] - is propor-
tionately larger below threshold. This mode mostly outcou-
ples light from molecules near the edges of the nanoparti-
cle facet (Figure 3f) but only with poor quantum efficiency
<5% [21]. We define the emission ratio r = I /Icengre
between the intensity from the annular ring I.;,, and from

the centre I ... This measures the relative emission of
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these modes. By comparing the emission ratios above and
below threshold r,, we see thatr, /r,, ~ 1for some NPoMs
but >1 for many others. This indicates preferential occupa-
tion of one mode, as is typical in lasers, due to stimulated
emission.

To gain further insight into this behaviour, we have
included the S;; 1, modes into our theoretical calculations
and studied how the relative occupation of the different
modes behaves. Figure S12(a) shows the mode purity of the
lowest energy mode (S,;) — i.e. how much of the plasmon
occupation is in this mode — as a function of pump strength
for different realisations of the system. Figure S12(b) then
shows the ratio of mode purity at a point above and below
the few-emitter lasing threshold. This confirms that indeed
linewidth reduction is not expected above the few-emitter
lasing threshold in such nanoscale systems.

In summary, we show extreme confinement of opti-
cal fields exciting a few molecules in a nanometre gap
that reveals few-emitter lasing is possible, and that this
can match only extended models. The results shown above
demonstrate the existence of a lasing threshold, enhanced
coherence and some degree of directionality of emission.
Because this few-emitter system differs from a textbook
laser, comparison to an appropriate theoretical model is key
to check which features of lasing should or should not be
expected. In agreement with theory, spectral narrowing is
not seen in this few-emitter lasing regime. Another property
typically expected of lasers is a change of the photon statis-
tics. These are not resolvable in our experiments due to the
ultrafast timescale of emission. We hope that our results will
inspire future work exploring the properties from such ulti-
mately miniaturised lasers and clarifying the fundamentals
of the few-emitter lasing nonlinear phase transition.

1 Methods

1.1 Theoretical modelling

In this section, we describe the theoretical approach we use to calculate
the input—output curve for lasing with few strongly coupled emitters.
We first introduce the model and then discuss the cumulant approach,
and how the resulting equations can be solved with and without disor-
der in the matter-light coupling.

111 Model: We model the system as a plasmonic mode coupled to
a collection of N two-level systems:

N
H=wda+ Z [%61.2 +g(a's” +aai+)], 4)

here, a™ is the annihilation (creation) operator for the plasmonic mode
of energy » while ¢ are the Pauli matrices representing the two-level
system with energy e at site i. We use a Lindblad master equation to
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account for the following incoherent processes with their correspond-
ing rates: photon loss (x), incoherent pump (FT), non-radiative losses
(")) and pure dephasing (I",). We thus have

d,p = —i[H, p] + kDla]

+X(T,Dlo7] +T,Dlo?] +T,Dlo7]), ©

with D[X] = XpX* + % (X"Xp + pX'X).

The model we consider does not explicitly include the vibronic
progression present in organic molecules [14]. The incoherent pumping
rate I", we consider should, however, be understood as an effective rate,
arising from the combination of coherent pumping exciting a higher
vibrational state followed by vibrational relaxation (see Figure 1). This
simplified model is chosen since, as discussed below, it allows for
closed-form expressions for the lasing threshold. Exploring how more
complex treatment of the molecular spectrum affects these resultsis an
important question for future work.

1.1.2 Cumulant equations: Various approaches exist to model a sys-
tem described by the above equations [22]. In this work, as discussed
in the main text, our focus is on understanding how system size N
enters into determining the sharpness of the transition. For this, it is
useful to choose an approach that captures finite size effects, treats N
as a parameter and captures the semiclassical effects of spontaneous
emission. The ideal approach for this is to use second-order cumulants
[14], [23], which provide a systematic expansion in 1/N.

From the density matrix equation of motion given above, we can
write down equations of motion for the second order moments of the
system, using cumulant expansion to break higher order moments
into a combination of first and second order moments. The non-zero
moments are n = (a'a), P, = Im(ac}'),S; = (¢*) and D;; = (afa}.‘),
where we require the two operators in the last moment to act on
different molecules. Assuming the resonant case ® = ¢, the equations
of motion end up taking the form:

on=—kn-— ZZgiPi; (6)
i
i+1
atPi=_K-ZFTPi_gi<nSi+ Sl;— +ZD1‘,‘>; 0]
J#
0,S; ==, +T))(S; — Sp) +4g:P; ()]
0.D;; = —I'1Dy; — (8S:P; + &S;Py), (€)]
where I'; = 4", + I'; + I’} is the total molecular linewidth and
0 = ET ;H is the inversion set by the pump. Note that in writing these
A

equations, we have allowed molecule-dependent coupling strengths
8-

1.1.3 Homogeneous limit: We will start by considering the case
where g; = g, i.e. where all the molecules couple identically to the
light mode. If we use Egs. (6)—(9) to adiabatically eliminate everything
but the photon occupation n, we end up with the quadratic equation for
the steady state:

0=2x[rT+;«(1— %)](%)2 10)
{[rree(- )l -m)
- KTFT - %(Fﬁﬂ)}% _ r;}“r‘
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If we make the approximation that I'; + K(l - %) ~ T+ Kk, we
can write the solution on the form
="

r, LN LT
o (=) +y (1 -1) vor | @

Introducing the cooperativity C = 4g%/xT’y, we can write the quanti-
ties appearing in Eq. (1) as:

_NC+1 NC k[, |
FC_NC—1Fl+NC—1N(K+l"T)’ an
NI, NC -1
= ; 12
M= TNC 12)
2
5 2Ty (NC) 1)

~ N(c +T'p) NC— 17T,

As noted in the main text, the dependence of I'; on I'; means the
input—output curve takes a more complex form than discussed by [2].

1.1.4 Effects ofinhomogeneity: Inreality, the electric field strength
at the location of the molecules (and thus their coupling to light) will
not be identical. This becomes especially important when the molecules
are few and the mode volume is very small, as is the case in this paper.
We next discuss the effects of such disorder. To do this, we reintroduce
an i-dependence of the coupling strength g; in the cumulant equations.
In this case, to find the steady state, it is convenient to first solve for
P;. This must satisfy the quadratic equation 0 = A;P? + B;P; + C; with
coefficients that depend on the other P; via the moments n” = Y.8P;.
The coefficients take the form:

A; =168
B =T+ )T, +T)

+ 2261 (1- 410) - @, - 1)@ - 28)

_ 4(1'1(2’ + gizl'l(m)]

ZFT(FIT(— Fl)n(l) _ (FT _ Fl)gin(m ,

C; =2g; [I"Tl"T -
For a given set { g;}, we can solve these equations iteratively. We first
guess an initial {P;} and then evaluate the moments n® n = 0,1,2to
find the coefficients A;, B; and C;. We then solve the quadratic equation
to give anew set { P, }. This process can then be iterated to convergence.
We find it necessary to use successive over-relaxation to improve the
stability of this.

In Figure 2(i and j), we show the result of this, where we choose a
set of g; drawn from a normal distribution of a given mean and vari-
ance. In plotting these, we in fact adjust the mean of this distribution
so as to keep the root mean squared g constant, since the behaviour of
strongly coupled systems typically depends on Y, g7 Figure 2(i) shows a
set of input output curves; one sees that with disorder, each realisation
leads to a slightly different curve. Figure 2(j) is a histogram showing
the frequency of slope ratios f§ extracted from these curves, which is,
therefore, the resulting probability distribution of this parameter.

1.2 Experimental setup

The details of the setup can be found in Ref. [8] and we give a brief
description here. For the power-dependent measurements, we used a
variable neutral density filter to control the intensity of 100 fs pulses
at wavelength 640 nm generated from a tunable optical parametric
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oscillator (SpectraPhysics, Inspire), pumped at 820 nm with a repetition
rate of 80 MHz (SpectraPhysics, Maitai). A brightfield/darkfield micro-
scope objective (Olympus, 100X, numerical aperture = 0.9) focusses the
attenuated pulses on a single NPoM nanocavity to excite the emitters.
The emitted light was collected in the reflection direction, filtered and
measured using a grating spectrometer (Andor, Shamrock 303i) and
charged-coupled detector (CCD, Andor iDus).

The farfield Fourier space imaging was performed by demagni-
fying the collected emission by the objective and then focussing it in
the focal plane of a lens before the entrance of a monochromator slit.
Darkfield spectroscopy was performed on a home-built microscope that
illuminates the sample with white light from a halogen lamp (Philips,
100 W) at angle of >64° through the darkfield microscope objective. The
scattered light was collected through the same microscope objective
and the scattered spectrum was measured using a fibre-coupled grating
spectrometer (OceanOptics).

1.3 Sample preparation

The sample substrate is a Au mirror on a Si wafer that was fabricated
using a template-stripping process. Thermal evaporation was used to
coat a Si wafer with a 100 nm thick Au film at an average evaporation
rate of 0.5 A/s. Small pieces of another Si wafer (area4 X 4 mm?) were
glued to the evaporated Au using epoxy (Epo-Tek 377), left overnight at
150 °C and then slowly cooled down to room temperature. On applying
a slight force, the silicon pieces easily peeled off and were covered by
an atomically flat Au film. A 1 mM solution of methylene blue (Sigma
Aldrich) and a 1 mM solution of cucurbit[7]uril (CB) (Sigma Aldrich)
were mixed together, thus allowing the encapsulation of the methylene
blue guest molecules inside the CB cavities. A freshly stripped substrate
with Au film was submerged in the solution overnight, thoroughly
rinsed with de-ionised water and then blown dry with nitrogen, leaving
behind a self-assembled monolayer (SAM) of CB encapsulating a sin-
gle molecule of methylene blue [7]. Au nanoparticles (BBI Solutions,
diameter 60 nm) were drop cast onto the SAM on the Au substrate for
10 s. The excess Au nanoparticle solution was rinsed with water and
blown dry using nitrogen. This leaves sparsely spaced Au nanoparticles
deposited on the CBlayer on the Au film, forming the NPoM nanocavity.
To control the number of emitters in the nanogap, we diluted the
1mM methylene blue solution by factors of 2-20 and kept the CB
concentration fixed at 1 mM. Using the surface packing density of CB of
0.24 mol nm? [21] and a facet size of 15 nm, we estimated the average
number of molecules in the nanogap to vary between 2 and 50 for
different dilution ratios.

1.4 Fitting of theoretical curves to experimental data

In Figure 2(d-g), we present results of fitting the theoretical expression
Eq. (1) to the experimental input—output curves. Here, we describe the
approach used to this fitting.

To perform such a fit, one must relate the theoretical input I'", and
output n to the experimental power in and power out. This requires
a description of how light couples into and out of the coupling. The
in-coupling is taken to be proportional to the coupling strength squared,
I, « g% X Power density. This is because the external pump couples
to the emitters through the same dipole moment and mode profile as
controls the light—matter coupling. As we assume this in-coupling is
an incoherent absorption process, Fermi’s golden rule implies a rate
proportional to g2 Including this effect was crucial in producing an
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accurate fit; without this factor, our fitting led to spurious correlations
between fitting parameters. Out-coupling is simpler, as this involves
how the light in the cavity couples to the far-field. This was assumed
to be independent of other parameters and considered as an intensity
scaling factor.

With the above assumptions, we then performed a standard least
squares fit to find the remaining model parameters. Some of these
parameters are taken as global parameters — common to all exper-
iments; these were I',,I"),x and were first optimised (see SI). The
remaining fitting parameters for each NPoM are g, an intensity scaling
factor and N, which only varies by 20 %, due to variations in the
number of emitters. The results of the fittings show that there is no
correlation between the fitting parameters and that the out-coupling
efficiency is linearly proportional to the output intensity, as expected
(for more details, see SI).

Acknowledgements: We acknowledge support from
EPSRC grants EP/G060649/1, EP/L027151/1, EP/G037221/1,
EP/T014032/1, EPSRC NanoDTC and from the European
Research Council (ERC) under Horizon 2020 research and
innovation programme PICOFORCE (Grant Agreement
No. 883703), THOR (Grant Agreement No. 829067)
and POSEIDON (Grant Agreement No. 861950). 0.S.0
acknowledges the support of a Rubicon fellowship from the
Netherlands Organisation for Scientific Research (NWO).
We thank Rohit Chikkarddy and Rakesh Arul for valuable
discussions and Jack Griffiths for making the cartoon in
Figure 1.

Research funding: EPSRC grants EP/G060649/1,
EP/L027151/1, EP/G037221/1, EP/T014032/1, EPSRC NanoDTC
and from the European Research Council (ERC) under
Horizon 2020 research and innovation programme
PICOFORCE (Grant Agreement No. 883703), THOR (Grant
Agreement No. 829067) and POSEIDON (Grant Agreement
No. 861950). Rubicon fellowship from NWO.

Author contributions: All authors have accepted responsi-
bility for the entire content of this manuscript and approved
its submission.

Conflict of interest: Authors state no conflicts of interest.
Ethical approval: The conducted research is not related to
either human or animals use.

Data availability: All relevant data in this publication can
be accessed at: https://doi.org/10.17863/CAM.104858.

References

[11 R.Graham and H. Haken, “Laserlight—first example of a
second-order phase transition far away from thermal
equilibrium,” Z. Phys., vol. 237, no. 1, pp. 31—46, 1970.

[2] P.R.Rice and H.]. Carmichael, “Photon statistics of a cavity-qed
laser: a comment on the laser—phase-transition analogy,” Phys.
Rev. A, vol. 50, no. 5, pp. 4318 —4329, 1994.


https://doi.org/10.17863/CAM.104858

8 = 0.S.0Ojambati et al.: Few-emitter lasing in single ultra-small nanocavities

(3]

[4

[l

[5

—

[6]

[7

—

(8l

[9

—

(0]

i

2]

(3]

[14]

A. F. Koenderink, A. Alu, and A. Polman, “Nanophotonics: shrinking
light-based technology,” Science, vol. 348, no. 6234, pp. 516—521,
2015.

N. Meinzer, W. L. Barnes, and I. R. Hooper, “Plasmonic meta-atoms
and metasurfaces,” Nat. Photonics, vol. 8, no. 12, p. 889, 2014.

J.J. Baumberg, J. Aizpurua, M. H. Mikkelsen, and D. R. Smith,
“Extreme nanophotonics from ultrathin metallic gaps,” Nat. Mater.,
vol. 18, no. 7, pp. 668 —678, 2019.

M. Nomura, N. Kumagai, S. Iwamoto, Y. Ota, and Y. Arakawa,
“Photonic crystal nanocavity laser with a single quantum dot
gain,” Opt. Express, vol. 17, no. 18, pp. 15975—15982, 2009.

R. Chikkaraddy, et al., “Single-molecule strong coupling at room
temperature in plasmonic nanocavities,” Nature, vol. 535, no. 7610,
pp. 127—130, 2016.

0. S. Ojambati, et al., “Quantum electrodynamics at room
temperature coupling a single vibrating molecule with a
plasmonic nanocavity,” Nat. Commun., vol. 10, p. 1049, 2019.

B. Jones, S. Ghose, J. P. Clemens, P. R. Rice, and L. M. Pedrotti,
“Photon statistics of a single atom laser,” Phys. Rev. A, vol. 60, no. 4,
pp. 3267 —3275,1999.

J. McKeever, A. Boca, A. D. Boozer, J. R. Buck, and H. J. Kimble,
“Experimental realization of a one-atom laser in the regime of
strong coupling,” Nature, vol. 425, no. 6955, pp. 268 —271, 2003.

0. Astafiev, et al., “Single artificial-atom lasing,” Nature, vol. 449,
no. 7162, pp. 588 —590, 2007.

F. P. Laussy, E. del Valle, and C. Tejedor, “Strong coupling of
quantum dots in microcavities,” Phys. Rev. Lett., vol. 101, no. 8,

p. 083601, 2008.

R.-M. Ma and R. F. Oulton, “Applications of nanolasers,” Nat.
Nanotechnol., vol. 14, no. 1, pp. 12—22, 2019.

K. B. Arnardottir, A. . Moilanen, A. Strashko, P. Torma, and

J. Keeling, “Multimode organic polariton lasing,” Phys. Rev. Lett.,
vol. 125, no. 23, p. 233603, 2020.

[13]

DE GRUYTER

H. Haken, “The semiclassical and quantum theory of the laser,” in
Quantum Optics, S. M. Kay and A. Maitland, Eds., New York,
Academic Press, 1970, p. 201.

[16] ). G. Bohnet, Z. Chen,]. M. Weiner, D. Meiser, M. J. Holland, and J. K.

(7

[18]

Thompson, “A steady-state superradiant laser with less than one
intracavity photon,” Nature, vol. 484, no. 7392, pp. 78— 81, 2012.
N. Kongsuwan, A. Demetriadou, M. Horton, R. Chikkaraddy, J. J.
Baumberg, and O. Hess, “Plasmonic nanocavity modes: from
near-field to far-field radiation,” ACS Photonics, vol. 7, no. 2,

pp. 463 —471, 2020.

M. Kasha, “Characterization of electronic transitions in complex
molecules,” Discuss. Faraday Soc., vol. 9, pp. 14—19, 1950.

[19] ). del Pino, F. A. Y. N. Schroder, A. W. Chin, J. Feist, and

[20]

[21]

[22]

[23]

F. ). Garcia-Vidal, “Tensor network simulation of non-markovian
dynamics in organic polaritons,” Phys. Rev. Lett., vol. 121, no. 22,

p. 227401, 2018.

S.Yang, A. T. Hammack, M. M. Fogler, L. V. Butov, and

A. C. Gossard, “Coherence length of cold exciton gases in coupled
quantum wells,” Phys. Rev. Lett., vol. 97, no. 18, p. 187402, 2006.
M. J. Horton, et al., “Nanoscopy through a plasmonic nanolens,”
Proc. Natl. Acad. Sci. U.S.A., vol. 117, no. 5, pp. 2275—2281, 2020.

P. Kirton, M. M. Roses, J. Keeling, and E. G. Dalla Torre,
“Introduction to the dicke model: from equilibrium to
nonequilibrium, and vice versa,” Adv. Quant. Technol., vol. 2,

no. 1—2, p. 1800043, 2019.

P. Kirton and J. Keeling, “Suppressing and restoring the dicke
superradiance transition by dephasing and decay,” Phys. Rev. Lett.,
vol. 118, no. 12, p. 123602, 2017.

Supplementary Material: This article contains supplementary material
(https://doi.org/10.1515/nanoph-2023-0706).


https://doi.org/10.1515/nanoph-2023-0706

	1 Methods
	1.1 Theoretical modelling
	1.1.1  Model
	1.1.2  Cumulant equations
	1.1.3  Homogeneous limit
	1.1.4  Effects of inhomogeneity

	1.2 Experimental setup
	1.3 Sample preparation
	1.4 Fitting of theoretical curves to experimental data



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 35
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1000
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /DEU <>
    /ENU ()
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (ISO Coated v2 \(ECI\))
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 300
        /LineArtTextResolution 1200
        /PresetName <FEFF005B0048006F006800650020004100750066006C00F600730075006E0067005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 8.503940
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [595.276 841.890]
>> setpagedevice


